We explore a level set representation of vorticity in the study of the singularity problems for incompressible fluid models. This representation exists for all initial vorticity fields. We further apply it to study the 3D Lagrangian averaged Euler equations and the 3D Euler equations, and obtain new global existence conditions.
Introduction. It is well-known that the 3D incompressible Euler equations
exhibit rich geometric structures. Here u is velocity and p is pressure. One way to explore these structures is through the so-called Clebsch variables ( [7] ), which represent the vorticity by two level set functions φ, ψ : R 3 → R as follows.
where φ and ψ are carried by the flow, that is φ t + u · ∇φ = 0, (1.4) ψ t + u · ∇ψ = 0.
(1.5)
The above Clebsch representation has important applications in the study of the Hamiltonian structure of the ideal fluids. See e.g. Marsden-Weinstein [24] . Despite its usefulness, it turns out that many interesting vorticity fields do not admit Clebsch variables representation (1.3). For example, a necessary condition for (1.3) to hold in the whole space is H ≡ R 3 u · ω = 0, (1.6) which implies that the topology of the vorticity vector field must be very simple. Even local existence of the Clebsch representation is only guaranteed at points where the vorticity does not vanish. It has been shown (Graham-Henyey [17] ) that in general (1.3) can not hold around a point with zero vorticity. For more discussion on the properties of classical Clebsch variables and its various generalizations, see Constantin [12] , Graham-Henyey [17] , Marsden-Weinstein [24] and related references therein.
Although much study has been done on Clebsch variables and other types of representations involving level set functions carried by the flow, so far few works have addressed the possibility of utilizing such representations in the study of singularity problems in fluid dynamics, for example, the singularity problems of the 3D incompressible Euler equations and the 3D Lagrangian averaged Euler equations. The only effort for the 3D Euler equations, to the authors' knowledge, is Constantin [9, 10, 11] . There a generalization of the Clebsch formula has been used to obtain local exsitence of the solutions to the 3D incompressible Euler equations. We remark that in a recent paper, Hou and Li [20] have explored the level set formulation in their study of the global existence of the 3D Lagrangian averaged Euler equations.
In this paper, we present a level set representation for the vorticity field which always exists in the whole space. This representation is closely related to the Weber formula and can be viewed as a special case of the magnetization variables. We show that new understanding of the singularity problems of the 3D Euler equations and 3D Lagrangian averaged Euler equations can be gained by application of this level set representation in the analysis of the vorticity growth.
The remaining of this paper is organized as follows. In Section 2, we will present a level set representation of the vorticity field, and study its properties. In Section 3, we apply this level set representation to study the 3D Lagrangian averaged Euler and 3D Euler singularity problems. Finally, in Section 4, we will make a few concluding remarks.
A Level Set Formulation.
First we review the theory of classical Clebsch variables. The Clebsch variables are two level set functions φ, ψ : R 3 → R that are carried by the flow, i.e.,
Using these two level sets, the velocity u can by represented as
where n is chosen to enforce the incompressibility condition: ∇·u = 0. In this setting, the vorticity ω = ∇ × u can be written as
3) in the sense that from (2.4) one clearly sees that vortex lines are just the intersection curves of the level set surfaces of φ and ψ, and the stretching/thinning of vortex tubes can be visualized as the collapsing of these surfaces. It has been found that the above Clebsch representation only holds for a very limited class of flows, as we have mentioned in Section 1. We quickly review major properties of classical Clebsch variables, including its limitations, here.
• If ω = ∇φ × ∇ψ at one time s, then ω = ∇φ × ψ for all times t > s. Therefore to show that a particular flow has a Clebsch representation, we only need to check it at the initial time t = 0.
• If ω = ∇φ × ∇ψ, then the helicity H ≡ u · ω = 0. To prove this, one just need to notice that
where we have used ∇ · ω = 0. Note that vanishing helicity requires the flow to be simple. For example, there cannot be two closed vortex lines that form linked rings.
• If ω = ∇φ × ∇ψ in a neighborhood of a point x 0 where the vorticity vanishes, then det [∇ω (x 0 )] = 0 (Graham-Henyey [17] ). To prove this, just compute 10) where ε ilm = 1 when (i, l, m) is an even permutation of (1, 2, 3), = −1 when (i, l, m) is an odd permutation, and 0 otherwise. Now notice that when neither ∇φ nor ∇ψ vanishes at x 0 , ω (x 0 ) = 0 implies ∇φ ∇ψ. Therefore ∇ω · ξ = 0 for any ξ ∇φ, since ε ilm ∂ m ψξ i = (∇ψ × ξ) l = 0 and for the same reason ε ilm ∂ l φξ i = 0.
• If ω = 0 at some x 0 , then ω = ∇φ × ∇ψ for some φ and ψ in a neighborhood of x 0 . The proof of this is a simple application of first order PDE theory. For example, since ω (x 0 ) = 0, we can find a constant vector v such that v × ω = 0 in a small neighborhood. Thus the equation
is well-posed in a neighborhood of x 0 and therefore φ is obtained. Now we further solve
in a (maybe smaller) neighborhood of x 0 to get ψ. Since many interesting flows can not be represented by Clebsch variables, it is important to find other level set formulations that can be used to represent more general fluid flows. Indeed, many such level set representations have been studied, for example the Weber formula (Weber [26] ), the magnetization variables (Buttke-Chorin [3] ) and the Eulerian Lagrangian formulation (Constantin [9] ).
In this paper, we present a special form of level set representation that exists for all flows and show that it can be used to improve our understanding of the geometry of possible blow-up scenario of the 3D Euler and the averaged Euler equations. For convenience, we will refer to this representation as Generalized Clebsch Variables. 
, such that the vorticity vector field ω can be represented in the following way:
Remark 2.2. The theory of magnetization variables (Buttke-Chorin [3] , we follow Smith-Porkoný [25] here) shows the existence of a "magnetization variable" m such that ω = ∇ × m, and
for all time if (2.14) holds at t = 0, and each φ i and ψ i are carried by the flow:
Taking ∇× of m, we immediately see that
Therefore the Generalized Clebsch Variables representation (2.13) can be viewed as a special case of (2.14) when R = 3 and ψ i depends on (φ 1 , φ 2 , φ 3 ) only. It turns out that this special case can be conveniently applied to the study of singularity problems, as we will see in Section 3.
Now we summarize some properties of the Generalized Clebsch Variables representation (2.13).
• The representation (2.13) remains true at later times if it is true at t = 0 and all φ i , i = 1, 2, 3 are transported by the flow. To see this, we only need to notice that since U k = U k (Φ), U k is also transported by the flow. Therefore each ∇U k × ∇φ k is a Clebsch representation of some divergence free vector field. Thus
holds at later times due to the same property of the classical Clebsch variables. Also note that this property is not confined with ideal fluids. For example, one can easily show that it also holds for the Lagrangian averaged Euler flow.
• The representation (2.13) exists for all initial vorticity fields. To see this, we take φ k = x k to be the coordinate functions, and take U k = u k to be the kth component of the velocity vector. Then it is clear that
• When ω 0 is compactly supported, it is easy to see that we can modify the initial Φ = (φ 1 , φ 2 , φ 3 ) and U = (U 1 , U 2 , U 3 ) outside the support of ω 0 such that each φ k and U k are compactly supported, consequently bounded. Since they are just carried by the flow, we see that φ k and U k are uniformly bounded in time.
Before ending this section, we briefly address the relation between our generalized Clebsch variables and the Weber formula (Weber [26] , we follow the presentation in Constantin [12] here). The Weber formula is given as follows:
where Φ = x and U = u at t = 0. W is defiend as
with P being the projection onto divergence free vector fields. We now show that the Weber formula (2.19)-(2.21) is equivalent to the Generalized Clebsch Variables representation
Proof. We only need to calculate ∇ × u from the Weber formula. We have
after straightforward calculation of its i-th component
where ε ilm = 1 when (i, l, m) is an even permutation of (1, 2, 3), = −1 when (i, l, m) is an odd permutation, and 0 otherwise. We see that the Generalized Clebsch Variables representation is the same as the Weber formula when we take Φ = (φ 1 , φ 2 , φ 3 ) to be the Lagrangian Cartesian coordinate system. However, the Generalized Clebsch Variables formula (2.13) allows a wider choice of the level set functions. This makes it easier to apply the Generalized Clebsch Variables representation to singularity problems, as we will see in Section 3.
3. Application to Singularity Problems. In the section, we present applications of the Generalized Clebsch Variables in the study of singularity problems for certain incompressible fluids. The flows considered here are the 3D Lagrangian averaged Euler equations and the 3D Euler equations.
Applications to 3D Lagrangian averaged Euler equations. The
Lagrangian averaged Euler equations, recently developed in Holm-Marsden-Ratiu [18, 19] , try to catch the averaged behavior of the 3D incompressible Euler flow, and have been used as a turbulence closure model (Chen et. al. [5] ). The theoretical and computational aspects of the Lagrangian averaged Euler equations has been studied by various authors ( [6, 18, 19, 20, 22, 23] ). However, the global existence of the classical solution to the Lagrangian averaged Euler equations still have not been established. In Hou-Li [20] , a sufficient condition has been given for initial values admitting a Clebsch representation. Here we will generalize their result to initial values admitting a Generalized Clebsch Variables representation.
We first recall the formulation of the Lagrangian averaged Euler equations. We follow the notations in Hou-Li [20] .
The main equation reads
where u α ≡ 1 − α 2 △ −1 u, and u is required to be divergence free. Written in vorticity form, (3.1) becomes
where the vorticity ω ≡ ∇ × u.
Comparing with the vorticity form of the 3D Euler equations,
we see that the vorticity is still convected as a two form, only the velocity field has been regularized. In Hou-Li [20] , the following existence result is proved.
For any function φ, we define 5) and the TV norm 6) which measures the oscillation of φ along coordinate directions. Now assume that the initial vorticity has the form ω (0, x) = ω 0 (φ 0 , ψ 0 ) ∇φ 0 × ∇ψ 0 with ω 0 , φ 0 and ψ 0 being smooth and bounded. Further assume that φ, ψ are carried by the flow with initial values φ 0 , ψ 0 . With these assumptions, the Lagrangian averaged 3D Euler equations have a unique smooth solution up to T as long as either
ψ T V dt < ∞. Furthermore, the following estimate holds
Now we present our generalization of this theorem.
Theorem 3.1. For any initial vorticity field that is bounded and with compact support, take U = (U 1 , U 2 , U 3 ) and Φ = (φ 1 , φ 2 , φ 3 ) to be its Generalized Clebsch Variables representation. Then the Lagrangian averaged Euler equations have a unique smooth solution up to T as long as T 0 φ i T V dt < ∞ for any two i ∈ {1, 2, 3}, and ∂U k ∂φ k = 0 for the remaining index k. Furthermore, the energy estimate
holds for m > 5/2.
Remark 3.2. It is worth mentioning that, since U depends on Φ only, the assumption ∂U k ∂φ k = 0 is an assumption on the initial value, and does not assume anything for the later evolution of the flow. Therefore to apply this theorem, one just need to choose initial vorticity such that ∂U k ∂φ k = 0. We would like to further point out that many interesting flows satisfy this constraint. For example, if we take Φ = (r, z, θ) and take the initial flow to be axisymmetric, then automatically ∂U3 ∂θ = 0. Proof. We first recall the main steps of the proof by Hou-Li for the case ω = ∇φ × ∇ψ, with the assumption that ψ T V < ∞.
where for ∇B (y) one has the estimate
Let B ε denote the ball centered at the origin with radius ε < 1. Let p > 3, q be such that q . Now for i ∈ {1, 2, 3}, we denote by y ′ the remaining two dimensional vector excluding y i . Then
where the Hölder inequality is used in the inner part estimate. By setting
Now recall that
This implies
due to the Gronwall inequality and the assumption that
Now it is standard to get the well-posedness of the solution. Now we turn to our generalization. Since ω has compact support, we know that we can take U i 's to be uniformly bounded. Recall that
Without loss of generality, we assume that the TV norm of φ 1 , φ 2 are integrable in time, and ∇u α ∞ dt when ω is given by ∇U i × ∇φ i for each i = 1, 2, 3. For i = 1, 2, the same argument used by Hou-Li works after replacing ψ by φ i and φ by U i . For i = 3, note that
∂φ2 ∇φ 2 . Therefore the T V norm of U 3 is integrable in time due to the boundedness of ∂U3 ∂φ1 and ∂U3 ∂φ2 . Now replacing ψ by U 3 in the argument by Hou-Li, we see that the key estimates (3.10) and (3.14) still hold since
and
Thus we end the proof of the theorem. [15, 16] . In this subsection, we will show how the Generalized Clebsch Variables may be used to study this problem.
The 3D Euler equations read
In 1984, Beale-Kato-Majda [2] showed that as long as
where ω ≡ ∇ × u is the vorticity, the solution to the 3D Euler equations remains classical, or in other words, no blow-up would occur up to time T . In 1994, Constantin [8] shows that the evolution of |ω| is governed by the following equation 24) where the stretching factor is defined as (we make the dependence on t implicit) 25) whereŷ ≡ y/ |y| and ξ ≡ ω/ |ω| is the unit vorticity vector. Thus according to the BKM criterion (3.23), it suffices to show that
to guarantee the existence of classical solutions. In Constantin-Fefferman-Majda [13] , |α (x, t)| is carefully estimated, and the following result is proved. Assume that there exists ρ > 0 and 0 < r ≤ ρ 2 such that the following conditions are satisfied for a set W 0 .
Firstly, for every q ∈ W * 0 ≡ {q ∈ W 0 ; |ω 0 (q)| = 0}, the function ξ (·, t) has a Lipschitz extension (denoted by the same letter) to the Euclidean ball of radius 4ρ centered at X (q, t), denoted as B 4ρ (X (q, t)), and
holds for all t ∈ [0, T ) with m ≥ 0 constant. Here Then there will be no singularity in the region W t up to T .
Remark 3.3. Assumptions (3.27) and (3.30) put two constraints on the flow. The intuition is that, when the flow behaves nicely, or more specifically, the vorticity vectors are aligned to some extent and the velocity remains bounded, then no blow-up can occur. (3.28) is a technical assumption. Now we state our result. Assume that the vorticity has been represented by the Generalized Clebsch Variables,
Then we have the following theorem.
Theorem 3.4. We assume that (3.27) and (3.28) hold. If furthermore 1. for all t ∈ [0, T ),
for some constant U , for two i's in {1, 2, 3}. 2. U k is independent of φ k for the remaining index k, i.e.,
Then there exists τ > 0 and Γ such that
therefore the solution exists beyond T .
Remark 3.5. Before we present the proof, we would like to make a few remarks. 1. As we have pointed out in Remark 3.2, the constraint (3.33) is on the initial value only, and does not require the flow to have any special properties at later times. Also, many interesting flows indeed satisfy (3.33), for example the axisymmetric flow, for which the global existence is stll unsettled. 2. The major difference between Theorem 3.4 and the main theorem in Constantin-Fefferman-Majda [13] is that a physical condition
is replaced by a geometrical condition sup B4ρ(Wt)
The major gain of the latter is that one can take φ i to indicate geometrical properties of the (possible) singularity. For example, if we take (φ 1 , φ 2 , φ 3 ) to be the initial coordinate functions, then the conditions sup |∇φ 1 | , sup |∇φ 2 | < U basically confine our consideration to the following special criterion of singularity formation: two level set surfaces of φ 3 collapsing with each other. 3. In the case of axisymmetric flows, we can take (φ 1 , φ 2 , φ 3 ) = (r, z, θ). Then automatically (3.33) is satisfied. Thus Theorem 3.4 excludes the following type of singularity: the vortex lines stretch wildly in the θ direction, while the changes in the r, z directions are mild. This profile of singularity is impossible since, in this case, the vorticity direction ξ would be varying slowly, and the Lagrangian coordinate functions R, Z (viewed as functions of r, z, θ) also vary mildly in space, and therefore the assumptions in the theorem hold. This insight is new and may help checking numerical simulations searching for axisymmetric singularities.
Proof. The proof follows closely the one in Constantin-Fefferman-Majda [13] . We decompose
where
with χ (r) being a smooth non-negative function satisfying χ (r) = 1 for r ≤ 1/2 and 0 for r ≥ 1. Now using ξ (x + y) |ω (x + y)| = ω (x + y) = ∇ × u (x + y), we can do integration by parts for α out and get
after applying Cauchy-Schwarz inequality. Therefore |α out | stays bounded.
To estimate α in , we denote
Next we split I = I 1 + I 2 , where
with δ ≤ ρ/2 to be fixed. Then using polar coordinates, we easily see
To estimate I 2 , we replace |ω (x + y)| by ξ (x + y) · ω (x + y). Note that ∇U i × ∇φ i = ∇ × (U i ∇φ i ) for i = 1, 2, and
since by assumption U 3 is independent of φ 3 . Therefore by our assumption we see that A ρ dt is bounded. From this point on, our proof goes exactly as the one in Constantin-FeffermanMajda [13] . Therefore we omit the remaining of the proof here. However, we would like to explain intuitively why the boundedness of by which the boundedness of |ω| can be derived due to the boundedness of T 0 A ρ . This will effectively end the proof. Also, at this point, it becomes clear why we need the assumption (3.28).
Conclusions.
In this note, we explored a level set representation of vorticity in the study of the singularity problems for incompressible fluid models. This level set representation (also known as the Generalized Clebsch Variables representation) for the vorticity field involves three level set functions
We showed that this representation exists for all incompressible flows. We further applied it to the singularity problems for the 3D Lagrangian averaged Euler equations and the 3D Euler equations, and obtained new global existence theorems for a large class of initial values, including all axisymmetric flows. Applications of this level set representation to singularity problems reveal new geometric structures of possible blow-up scenario.
